gap where the capacitance changes when an external force or an applied voltage modifies the gap. However, the practical displacement range is limited to 1/3 of the total gap due to a pull-in instability that occurs when the electrostatic force of attraction exceeds the spring restoring force [4] . Various approaches have been developed to improve the displacement range, including a series feedback capacitance [5] or an openloop charge controller, which have been shown to be effective for 83% of the total gap [6] . A drawback, however, is that open loops are sensitive to external disturbances. Another alternative is implementing a voltage closed-loop control for the upper plate position [7] . This technique has shown its effectiveness by extending the displacement range up to 90% of the gap [8] . However, a suitable displacement sensing element for the feedback signal is lacking [9] .
On the other hand, memristors have attracted much attention due to their potential application for resistance random access memory (ReRAM). Due to its property of memory storage via resistance change and its simple metal/metal-oxide/metal (MOM) structure, memristors are a good candidate to meet the demand for high-speed, lower power, and large-capacity nonvolatile memories [10] . Besides nonvolatile memories, memristors have the potential to be implemented in diverse digital/ analog applications, including the following: chaotic circuits [11] , neural synaptic emulation [12] , reprogrammable and reconfigurable circuits [13] , voltage oscillators [14] [15] [16] , and memristive controllers [17] within others.
In this brief, a memristor is used as the displacement sensing element for the feedback signal in a closed-loop control for a MEMS parallel plate capacitor.
II. MEMRISTOR MODEL
In 1971, Chua proposed the existence of a new, two-terminal, and passive circuit element called a memristor, which is a contraction of memory-resistor [18] . Chua predicted the existence of the memristor by observing the lack of the link of two fundamental circuit variables: the electric charge (q) and the magnetic flux (φ). The basic mathematical formulation for a voltage-controlled memristor proposed by Chua is
where M is the memristance and is a function of the state variable w and the device current i. w depends on the current that flows through the device in a period of time, as described by (2) . Strukov et al. [19] introduced for the first time the linear dopant drift memristor model to describe the behavior of 1549-7747 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. Pt/TiO 2 /Pt structures. This model is represented by
where w will change with respect to time when a current is passing through the device. D is the total oxide thickness, μ v represents the average ion mobility, R on is the low resistance (LR), and R off is the high resistance (HR). From these equations, it is possible to observe that, if w = D, the memristor is in LR state, and if w = 0, the memristor is in HR state. From (3) and (4), the memristance M (w) can be described by
III. MEMS STRUCTURE MODEL
To analyze the behavior of a MEMS parallel plate capacitor, the structure pictured in Fig. 1 will be considered. When a voltage potential is applied between the bottom and upper plates, an attractive electrostatic force will move the upper plate (which is free to move) toward the bottom electrode (which is fixed). However, mechanical forces, due to the physical characteristic of the upper plate, will oppose this motion. These forces include the following: the elastic restoration force of the upper plate structure, which is represented by a spring of stiffness k (where the spring constant (k) depends on the electrode material and MEMS design), the inertia force due to the mass of the moving electrode, and the assumed linear damping force, which depends on the media between the two electrodes.
Taking into consideration these forces, the nonlinear dynamic behavior of the MEMS is given by [20] 
where k is the spring constant, d c is the damping constant, d is the gap between the electrodes, ε is the permittivity, A is the area of the electrodes, m is the mass of the top electrode, and V MEMS is the voltage across the electrodes. x 1 is the relative displacement of the upper plate. The left side of the equation represents all the mechanical forces, and the right side represents the electrostatic forces given by Coulomb's law.
IV. MEMS STRUCTURE AND MEMRISTOR INTEGRATION
While the general concept of integrating a memristor with a MEMS device was introduced by Zubia et al. [21] , the actual details of the integration were not specified. In [22] , the direct coupling of a MEMS structure to a memristor was investigated for an ac voltage input in series and parallel configurations. Although the results showed a correlation between the displacement of the MEMs upper plate and the memristance, the change in the memristance was too small for most practical applications. This was due to the small circuit current and large voltage drop across the MEMS device attributed to the capacitor-like behavior and low ion mobility in the memristor. To overcome this limitation, a voltage amplification stage is used to couple a MEMS capacitor to a memristor, as shown in Fig. 2 .
The first part of the circuit consists of the MEMS structure connected in series with resistor R MEMS . A voltage follower then couples the voltage across R MEMS to a voltage amplifier, which stimulates the memristor. Assuming the Op-Amps with a large input impedance and using Kirchhoff's voltage and current laws, the MEMS voltage and current are given by
where V s is the supply voltage and V R is the voltage across R MEMS . The current across the MEMS parallel plate capacitor can also be expressed as
where C is the MEMS capacitance. In general, both C and V MEMS are functions of time. Therefore, I MEMS is given as
The capacitance and its derivative with respect to time are given by
Combining (7)- (12), the derivative of the MEMS voltage with respect to time can be expressed as
(13) Equations (6) and (13) need to be solved simultaneously to obtain x 1 . To implement these equations in MATLAB, (6) can be reduced as
Thus, (13) can be expressed as
In this configuration, the voltage applied to the memristor V A is expressed by
where the Op-Amp gain A V is considered to be linear in the frequency range of the MEMS structure operation. In this particular case, the MEMS device natural frequency is ∼4.34 kHz using the following parameters: ε = ε r ε 0 = 1 * 8. Fig. 3 shows the numerical solutions of (3)- (5) and (14)- (17) using the ode23s function from MATLAB. V s is a step function set to 90% of V pi and with an initial ramp of 4 V/s. The initial conditions of the devices are as follows: x(0) = 0, x 1 (0) = 0 for the MEMS device, and w(0) = D/2 or M (0) = 2550 Ω for the memristor. R MEMS was selected to be large (9.1 MΩ) in order to obtain a relatively large voltage from the MEMS circuit.
The voltage as a function of time across R MEMS is shown in Fig. 3(a) , while Fig. 3(b) shows its inverted and amplified replica V A at the output of the Op-Amp. V A is applied to the memristor. The input V s causes a displacement of the MEMS's upper plate, while V A causes a change in the memristance, as shown in Fig. 3(c) and (d) , respectively. The memristance modulation is approximately 1 kΩ, which is greater compared to direct coupling previously reported [22] . Nevertheless, care must be taken to minimize parasitic capacitance to achieve a strong coupling between the MEMS device and memristor.
The correlation between the MEMS upper plate displacement and the memristance is plotted in Fig. 4 (dotted line) . In order to derive a theoretical expression for this relationship, we note that, in both devices, electronic charge transfer plays a central role in their operating principle. In the MEMS parallel plate capacitor, the final displacement of the upper plate is a function of the charge that accumulates on the electrodes according to (6) . In memristors, the memristance is controlled by ion migration when charge flows through the device as represented by (5) .
From Fig. 2 and (17), the memristor current I is related to the MEMS current I MEMS as (18) or expressing the currents as the integral of the charge associated with each device gives
Substituting (5) into (19) and integrating both sides, the following expression is obtained:
Combining (5), (6), and (20), the MEMS motion dynamics shows a quartic relationship with respect to the memristance as 1 2
This indicates that the MEMS upper plate displacement is related to the memristance through a polynomial of fourth order. Fig. 4 shows a fourth-order polynomial (solid line) of the form polynomial of (24) is of utility because it can be employed to calculate x 1 from the memristance. This relationship is used in the following section as part of the feedback block.
V. MEMS STRUCTURE-MEMRISTOR INTEGRATION IN A VOLTAGE CLOSED-LOOP CONTROL SYSTEM
Several approaches for the controller design have been reported in which displacement and velocity feedback is used. One example is the active disturbance rejection controller that consists of an extended state observer that estimates the system states and the external disturbance, combined with a PD controller [8] . Another example is the Lyapunov-based nonlinear control [23] , which treats nonlinearities of the system with control Lyapunov functions and back-stepping to ensure the desired performance. In all of these cases, a memristor can serve as an elegant displacement sensing element and velocity estimator.
In this section, a closed-loop control system is proposed by using the pole placement design technique with an additional integrator to minimize stationary error. The memristor is treated together with the amplification stage as the feedback element. Fig. 5 shows a block diagram of the system. The correlation block represents the polynomial equation (22) that correlates the MEMS upper plate displacement and the memristance.
From (14) to (16), the state space of the control system can be represented bẏ
where x 3 is V MEMS . Equilibrium points of the system X 1 , X 2 , that and X 3 , that correspond to the displacement, velocity, and voltage across the MEMS device, respectively, are obtained at f 1 = 0, f 2 = 0, and f 3 = 0 as
where V Seq is the supply voltage or set point at equilibrium. A linearization of the perturbed state from its equilibrium point can be represented bẏ where x δ is the vector representing the approximated state, u δ is the input vector corresponding to V s, and y δ represents the approximated output of the system or displacement x 1 . A is the transition matrix, B is the input vector, and C is the output vector. Neglecting higher order terms in Taylor's series expansion, A can be expressed by
The input vector B is given by
and the output vector C is equal to
Using the control law
where K is the feedback gain vector corresponding to each state
and substituting (36) in (31), the system can be represented bẏ
The control system represented by (36) typically considers that the three states (displacement, velocity, and MEMS plate voltage) are monitored. The displacement is measured by the memristor and the velocity is estimated by the derivative of the memristance with respect to time.
Monitoring the velocity of the upper plate and the MEMS voltage without disturbing the system is challenging. Usually, the velocity of the upper plate is estimated by designing a speed observer [24] . In this case, the velocity is estimated by taking the derivative of the displacement with respect to time. The estimated velocityx 2 is given bŷ
Fig . 6 shows the velocity of the MEMS upper plate calculated from (6) (solid line) and estimated from (39) (dotted line). The third state is the voltage across the MEMS plates. However, any direct contact with the MEMS structure should be avoided in order to maintain the dynamics of the actuator intact. From (16) , it can be noticed that V MEMS approaches to V s at steady state, indicating that the state is stable over time. Therefore, the third state is not required to be controlled. Fig. 5 shows the closed-loop control in which the third state is not controlled.
Finally, an integrator is incorporated, with a gain K i , in order to eliminate the stationary error of x 1 . For the final control gains, including the integration gain, a fine tuning was performed. The initial estimation for gains K 1 and K 2 was obtained by using the pole location technique for an underdamped system. Thereafter, K i was obtained by increasing the value, in several iterations, until the stationary error was minimized. Then, the values of K 1 and K 2 were optimize for better time response. The resulting gains are Fig. 7 shows the desired trajectory of the system versus the response of the system under closed-loop control. Two final set points are plotted: the first one is at 95% of the total displacement, and the second one is at 50%. Here, it is possible to observe a good response to the desired trajectory. A minimal stationary error is observed as shown in the insets. As a difference from previous reports, where the memristor is implemented in a variable gain controller [17] , this approach shows that the memristor can be used with MEMS actuators as a feedback block. Furthermore, the memristor can simplify the read-out circuits of MEMS devices by representing the motion of the upper plate in the form of resistance change instead of capacitance change [25] .
VI. CONCLUSION
A memristor was coupled to a MEMS capacitor through an amplification stage to control the position of the upper plate up to 95% of the total gap. In this design, the memristor was used to elegantly determine the position and estimate the velocity of the MEMS upper plate. This was possible due to the quartic relationship between the memristance and the position of the MEMS upper plate, which was discovered by equating the charge of both devices. This allows the MEMS upper plate displacement to be interpreted with a polynomial of fourth order. An Op-Amp stage was used to maximize the memristance change and resulted in a memristance modulation of ∼1 kΩ. The output of the memristor was used as the feedback signal in a closed-loop voltage control circuit to accurately control the upper plate of the MEMS up to 95% of the gap. The closed-loop voltage control circuit has the potential to extend operation and application of MEMS parallel plate capacitors. In addition to playing an important role in overcoming the limited operation range of MEMS actuators, memristors have the potential to simplify read-out circuits for MEMS devices by representing the motion in the form of resistance change instead of capacitance change.
